The block-orthogonal generalization of the Madjumdar-Papapetrou type solutions for the σmodel studied earlier are obtained and corresponding solutions with p -branes are considered. The existence of solutions and the number of independent harmonic functions is defined by the matrix of scalar products of vectors U s , governing the σ -model target space metric. For orthogonal U s , when target space is a symmetric homogeneous space, the solutions reduce to the previous ones. Two special classes of obtained solutions with U s related to finite dimensional Lie algebras and hyperbolic (Kac-Moody) algebras are singled out and investigated. The affine Cartan matrices do not arise in the scheme under consideration. Some examples of solutions and intersection rules for D = 11 supergravity, related D = 12 theory and extending them B Dmodels are considered. For special multicenter solutions the indicators of horizon and curvature singularity are introduced.
Introduction
In this paper we consider a family of Madjumdar-Papapetrou type solutions [1] for gravitating sigmamodel (for review see, for example, [29] ) with action (2.1) below. The target space of the model is
(Ĝ AB ) is a non-degenerate matrix, ε s = ±1 , U s = (U s A ) is a vector, s ∈ S . It was proved in [30] that the target space T = (R K , G) is a homogeneous (coset) space G/H ( G is an isometry group, H is a subgroup of G ). T is symmetric (
for all s 1 , s 2 ∈ S , i.e. when any two vectors U s 1 and U s 2 , s 1 = s 2 , are either coinciding U s 1 = U s 2 or orthogonal (U s 1 , U s 2 ) = 0 , where scalar product (·, ·) is defined in (2.2) .
In our previous papers [2] - [5] we considered the orthogonal case (U s 1 , U s 2 ) = 0 , s 1 = s 2 , and (U s 1 , U s 1 ) = 0 , s 1 , s 2 ∈ S , and for the zero-potential: V = 0 , obtained a family of exact solutions governed by k harmonic functions, where k is a number of s , satisfying ε s (U s , U s ) < 0 . In [4] these solutions were also generalized to the case V = 0 , where V = k a=1 A a e u a A σ A and (u a , U s ) = 0 , a = 1, . . . , k , s ∈ S . The sigma-model (2.1) arises in multidimensional gravitational models with scalar fields and fields of forms, when solutions with intersecting p -branes are considered [4] . (For p -brane solutions see, for example, [2] - [20] ).
Here we generalize the orthogonal σ -model solutions from [2] - [4] to the more general blockorthogonal case. In this case solutions do exist, when the matrix B s 1 s 2 = (U s 1 , U s 2 ) and ε s satisfy the relation (2.10) (for some ν s ). The number of independent harmonic functions is defined by the number of blocks in matrix B = (B s 1 s 2 ) .
The paper is organized as follows. In Sect. 2 the sigma-model is considered and in blockorthogonal case exact solutions governed by a set of harmonic functions are obtained. In Sect. 3 certain examples of solutions related to Lie algebras (e.g. finite dimensional and hyperbolic) are considered and restrictions on signature parameters ε s are derived. It is shown that affine Kac-Moody algebras do not appear in this scheme. Sect. 4 is devoted to application of the sigma-model solutions to multidimensional models with intersecting p-branes. The block-orthogonal generalization of pbrane Madjumdar-Papapetrou type solutions is presented in subsect. 4.2 (We note, that recently block-orthogonal black hole and wormhole solutions with p-branes were considered in [20] .) In subsect. 4.3 the behavior of Riemann tensor squared (Kretschmann scalar) for multicenter solutions is investigated and criteria for the existence of horizon and finiteness of Kretschmann scalar are established. In Sect. 5 intersection rules and some examples are considered (e.g. for B D -models that may be relevant for future generalizations of M -and F -theories [14, 15] to dimensions D > 12 .) 2 σ -model
We start with the σ -model governed by the action
is a set of scalar fields ( S = ∅ ), V = V (σ) is a potential, (Ĝ AB ) is a non-degenerate matrix, U s = (U s A ) ∈ R N are vectors and ε s = ±1 , s ∈ S . We define the scalar product as follows
for all s ∈ S i , s ′ ∈ S j , i = j ; i, j = 1, . . . , k . Relation (2.3) means that the set S is a union of k non-intersecting (non-empty) subsets S 1 , . . . , S k . According to (2.4) the set of vectors (U s , s ∈ S) has a block-orthogonal structure with respect to the scalar product (2.2), i.e. it is splitted into k mulutually orthogonal blocks (U s , s ∈ S i ) , i = 1, . . . , k .
Equations of motion corresponding to (2.1) have the following form
Then the field configuration
s ∈ S , satisfies the field equations (2.5)-(2.7) with V = 0 if (real) numbers ν s obey the relations 
The Proposition 1 can be readily verified by a straigtforward substitution of (2.8)-(2.12) into equations of motion (2.5)-(2.7). In special (orthogonal) case, when any block contains only one vector (i.e. all |S i | = 1 ) the Proposition 1 coincides with that of [4] . In general case vectors inside each block S i are not orthogonal. The solution under consideration depends on k independent harmonic functions. For a given set of vectors (U s , s ∈ S) the maximal number k arises for irreducible block-orthogonal decomposition (2.3), (2.4), when any block (U s , s ∈ S i ) can not be splitted into two mutually-orthogonal subblocks.
We note that due to (2.4) the relation (2.10) may be rewritten as
13)
s ∈ S i , i = 1, . . . , k . Hence, parameters (ν s , s ∈ S i ) depend upon vectors (U s , s ∈ S i ) , i = 1, . . . , k .
Solutions related to Lie algebras
Here we put
for all s ∈ S and introduce quasi-Cartan matrix A = (A ss ′ )
s, s ′ ∈ S . From (2.4) we get a block-orthogonal structure of A :
Here we tacitly assume that the set S is ordered, S 1 < . . . < S k and the order in S i is inherited by the order in S . For det A (i) = 0 relation (2.13) may be rewritten in the equivalent form
. Thus, eq. (2.13) may be resolved in terms of ν s for certain ε s = ±1 , s ∈ S i . For det A (i) = 0 there exist situations when eq. (2.13) has no solutions even for complex ν s . Indeed, let us suppose that there exists a vector a = (a s , s ∈ S i ) satisfying the relations
5)
s ′ ∈ S i (eqs. (3.5) imply det A (i) = 0 and, hence, det A = 0 ). From (2.13) and the first relation in (3.5) we get s∈S i a s = 0 , that contradicts the second relation in (3.5) .
In what follows we consider the block-orthogonal decomposition to be irreducible, i.e. for any i the block (U s , s ∈ S i ) can not be splitted into two mutually orthogonal subblocks. In this case any matrix A (i) is indecomposable (or irreducible) in the sence that there is no renumbering of vectors which would bring A (i) to the block diagonal form
. Let A be a generalized Cartan matrix [21, 22] . In this case
for s = s ′ and A generates generalized symmetrizable Kac-Moody algebra [21, 22] . Now we fix i ∈ {1, . . . , k} . From (3.3) and (3.6) we get
7)
s, s ′ ∈ S i , s = s ′ . There are three possibilities for
Finite dimensional Lie algebras
Let det A (i) > 0 . In this case A (i) is a Cartan matrix of a simple finite-dimensional Lie algebra and A ss ′ (i) ∈ {0, −1, −2, −3} , s = s ′ . The elements of inverse matrix A −1 (i) are positive (see Ch.7 in [22] ) and hence we get from (3.4)
Let us consider the Cartan matrix 
we may rewrite (3.4) as follows
Hyperbolic Kac-Moody algebras
Now we consider the case det A (i) < 0 . Among such irreducible symmetrizable martrices satisfying (3.7) there exists a large subclass of Cartan matrices, corresponding to infinite-dimensional simple hyperbolic generalized Kac-Moody (KM) algebras of ranks r = 2, . . . , 10 [21, 22] . Example 3. Let 
for any hyperbolic algebra [23] .
We note, that hyperbolic KM algebras appear in different areas of mathematical physics, e.g. in string theory, supergravity etc. (see [24, 25] and references therein).
Affine Kac-Moody algebras
Now we proceed to the degenerate case: det A (i) = 0 . Here we restrict ourselves to a subclass of affine KM algebras [21, 22] ). Unfortunately, there are no solutions considered above in the affine case. Indeed, any affine Cartan matrix satisfy the relations (3.5) with a s > 0 called Coxeter labels and, hence, the solutions are absent in this case. 
Here △ is some finite set. We consider the manifold
with the metric
where g 0 = g 0 µν (x)dx µ ⊗ dx ν is a metric on the manifold M 0 , and g i = g i m i n i (y i )dy m i i ⊗ dy n i i is a metric on the manifold M i satisfying
denotes Ricci-tensor, corresponding to g ). Thus, all internal spaces (M i , g i ) , i = 1, . . . , n , are Einstein ones. Any manifold M ν is claimed to be oriented and connected and d ν ≡ dim M ν , ν = 0, . . . , n . Let
denote the volume d i -form and signature parameter respectively, i = 1, . . . , n . Let Ω = Ω n be a set of all subsets of {1, . . . , n} , |Ω| = 2 n . For any I = {i 1 , . . . , i k } ∈ Ω , i 1 < . . . < i k , we denote
We also put τ (∅) = ε(∅) = 1 and d(∅) = 0 .
For fields of forms we consider the following composite electromagnetic ansatz 
i.e. the generalized harmonic gauge is used. Now we impose restriction on sets Ω a,v . These restrictions guarantee the block-diagonal structure of a stress-energy tensor (like for the metric) and the existence of σ -model representation [4] .
We denote w 1 ≡ {i|i ∈ {1, . . . , n}, d i = 1} , and n 1 = |w 1 | (i.e. n 1 is the number of 1dimensional spaces among M i , i = 1, . . . , n ).
Restriction 1. Let 1a) n 1 ≤ 1 or 1b) n 1 ≥ 2 and for any a ∈ △ , v ∈ {e, m} , i, j ∈ w 1 , i < j , there are no I, J ∈ Ω a,v such that i ∈ I , j ∈ J and I \ {i} = J \ {j} .
Restriction 2 (only for d 0 = 1, 3 ). Let 2a) n 1 = 0 or 2b) n 1 ≥ 1 and for any a ∈ △ , i ∈ w 1 there are no I ∈ Ω a,m , J ∈ Ω a,e such thatĪ = {i} ⊔ J for d 0 = 1 and J = {i} ⊔Ī for d 0 = 3 .
Here and in what followsĪ ≡ {1, . . . , n} \ I.
(4.14)
It was proved in [4] that equations of motion for the model (4.1) and the Bianchi identities: dF s = 0 , s ∈ S m , for fields from (4.3)-(4.13), when Restrictions 1 and 2 are imposed, are equivalent to equations of motion for the σ -model (2.1) with (σ A ) = (φ i , ϕ α ) , the index set S from (4.11), target space metric
the potential 
is the indicator of i belonging to I : δ iI = 1 for i ∈ I and δ iI = 0 otherwise; and 
where (h αβ ) = (h αβ ) −1 ; s = (a s , v s , I s ) and s ′ = (a s ′ , v s ′ , I s ′ ) belong to S .
Exact solutions with Ricci-flat spaces
Here we consider the case of Ricci-flat internal spaces, i.e. ξ i = 0 , i = 1, . . . , n , in (4.4). The potential (4.17) is trivial in this case and we may apply the results from Sect.2 to our multidimensional model (4.1), when vectors (U s , s ∈ S) obey the block-orthogonal decomposition (2.3), (2.4) with scalar products defined in (4.21) . The solution reads: , (4.23)
where Here λ α a = h αβ λ βa , * 0 = * [g 0 ] is the Hodge operator on (M 0 , g 0 ) andĪ is defined in (4.14). In deriving the solution we used as in [4] the relations for contravariant components of U s -vectors:
Thus, we obtained the generalization of the solutions from [4] to the block-orthogonal case (here we eliminate the misprint with sign in eq. (5.19) in [4] ).
Remark 1. The solution is also valid for d 0 = 2 , if Restriction 2 is replaced by Restriction 2 * . It may be proved using a more general form of the sigma-model representation (see Remark 2 in [4] ).
Restriction 2 * (for d 0 = 2 ). For any a ∈ △ there are no I ∈ Ω a,m , J ∈ Ω a,e such that I = J and for n 1 ≥ 2 , i, j ∈ w 1 , i = j , there are no I ∈ Ω a,m , J ∈ Ω a,e such that i ∈ I , j ∈J ,
Behaviour of the Kretschmann scalar and horizon
Let M 0 = R d 0 , d 0 > 2 and g 0 = δ µν dx µ ⊗ dx ν . For
where X s is finite non-empty subset X s ⊂ M 0 , s ∈ S , all Q sa > 0 , and X s = X s ′ , Q s ≡ (Q sa , a ∈ X s ) = Q s ′ for s, s ′ ∈ S i , i = 1, . . . , k . The harmonic functions (4.32) are defined in domain M 0 \ X , X = s∈S X s , and generate the solutions (4.22)-(4.30). Denote S(a) ≡ {s ∈ S| a ∈ X s } . We put also
is the Kretschmann scalar (or Riemann tensor squared). Then for the metric (4.22) we obtain From (4.34) we see that the metric is regular at "point" a ∈ X for ε s = −1 and large enough values of ν 2 s , s ∈ S(a) . For ε s = +1 , s ∈ S(a) , we have the curvature singularity at a ∈ X . Now we consider a special case: d 1 = 1 , g 1 = −dt ⊗ dt and 1 ∈ I s for s ∈ S(a) , a ∈ X . In this case we have a horizon, when x → a ∈ X , iff
For ε s = −1 , s ∈ S(a) , we get η(a) < ξ(a) (4.37) ( a ∈ X ). This follows from the inequalities d(I s ) < D − 2 ( d 0 > 2 ). (For extremal Reissner-Nordström black hole η(a) = 0 , ξ(a) = 1 ). We note that g tt → 0 for x → a ∈ X , if (4.37) is satisfied and 1 ∈ I s , s ∈ S(a) . This follows from the relation g tt ∼ const|x − a| 2(d 0 −2)(ξ(a)−η(a)) , (4.38)
x → a , that is valid when 1 ∈ I s for all s ∈ S(a) . Calculation of the Hawking temperature using standard formula (see, for example, [28, 19] ) corresponding to a ∈ X for ξ(a) ≥ 0 gives us T H (a) = 0, for ξ(a) > 0, (4.39) T H (a) = const > 0, for ξ(a) = 0, (4.40)
a ∈ X . When ξ(a) < 0 , then η(a) < 0 and we get the singularity of the Kretschmann scalar for x → a . In this case (at least formally) T H (a) = ∞ . This agrees with the statement A.2 from [19] .
Thus, for the metric (4.22) with H s from (4.32) there are two dimensionless indicators at point a ∈ X : a) horizon indicator ξ(a) and b) curvature singularity indicator η(a) . These indicators totally define for our assumptions the existence of a horizon (when 1 ∈ I s , s ∈ S(a) ) and the singularity of the Kretschmann scalar (when (M i , g i ) are flat, i = 1, . . . , n ) at a ∈ X .
Intersection rules and some examples 5.1 Intersection rules
From orthogonality relation (2.4) and (4.21) we get 
a ∈ △ . The parameters (5.9) play a rather important role in supergravity theories, since they are preserved under Kaluza-Klein reduction [6] and define the norms of U s vectors:
(U s , U s ) = K(a s ), (5.10) s ∈ S .
Here we put K(a) = 0 , a ∈ △ . Then, we obtain the general intersection rule formulas d(I s 1 ∩ I s 2 ) = △(s 1 , s 2 ) + 1 2 K(a s 2 )A s 1 s 2 (5.11)
is the quasi-Cartan matrix (3.2) (see also (6.32) from [17] ).
B D -models and examples of solutions
Now we consider some examples of solutions from Sect. 4 . These examples will be demostrated for the so-called B D -models. Action of the B D -model reads [17] 
where ϕ = (ϕ 1 , . . . , ϕ l ) ∈ R l , λ a = (λ a1 , . . . , λ al ) ∈ R l , l = D − 11 , rank F a = a , a = 4, . . . , D − 7 .
Here vectors λ a satisfy the relations The model (5.12) contains l scalar fields with a negative kinetic term (i.e. h αβ = −δ αβ in (4.1)) coupled to (l + 1) forms. For D = 11 ( l = 0 ) the model (5.12) coincides with a truncated (without Chern-Simons term) bosonic sector of D = 11 supergravity. For D = 12 (l = 1) (5.12) coincides with truncated D = 12 model from [16] (see also [4] ).
The matrix (5.14) is the fundamental matrix of the B D -model. For p -brane worldsheets we have the following dimensions (see [17] ) Thus, there are (l + 1) electric and (l + 1) magnetic p -branes, p = d(I) − 1 . For B D -model all K(a) = 2 . Now we will be interested in the one-block solutions, where A = (A s 1 s 2 ) in (3.2) is an irreducible Cartan matrix either of a simple finite dimensional Lie algebra or of a simple hyperbolic KM algebra.
Since K(a) = 2 , we rewrite (5.11) as the following:
s 1 = s 2 , and get A s 1 s 2 = A s 2 s 1 , i.e. the Cartan matrix is symmetric. 
Finite dimensional Lie algebras
H is the harmonic function on (M 0 , g 0 ) and ν 2 1 = ν 2 2 = 1 . For D = 11 we have a = 4 and d 1 = 2 , d 2 = 5 . For D = 12 we have two possibilities: a) a = 4 , d 1 = 2 , d 2 = 6 ; b) a = 5 , d 1 = 3 , d 2 = 5 . The signature restrictions on g 1 and g 2 are the following: ε 1 = +1 , ε 2 = −ε[g] . They are satisfied when g 0 and g 1 are Euclidean metrics.
The 4-dimensional section of (5.19) coincides for the flat Euclidean g 0 with the Madjumdar-Papapetrou solution [1] . Now, we list A 2 intersection rules, for D = 11, 12 .
Here Here and in what follows we denote n 1 ∩ n 2 = n ⇔ ( d(I 1 ) = n 1 , d(I 2 ) = n 2 , d(I 1 ∩ I 2 ) = n ).
Hyperbolic algebras
In hyperbolic case all ε s = +1 , s ∈ S 1 = S and, hence, corresponding solutions with H s from (4.32) are singular at a ∈ X . Example with H 2 (q, q) . For the Cartan matrix (3.13) with q 1 = q 2 = q ≥ 3 , we obtain
for q = 3, 4, 5, . . . ; s = 1, 2 . An example of the solution for d 0 = 3 with two electric p -branes, p = d 1 , d 2 , corresponding to F a and F b fields and intersecting in time manifold, is the following: [31] . (These solutions contain as a special case a solution in D = 11 supergravity from [9] with 6 ∩ 6 = 2 .) The solutions from [31] use some modified ansatz for fields of forms and do not belong to our scheme.
Other possibilities
We note that it is not obvious for quasi-Cartan matrix A to be a Cartan one. Let us consider the example with and ε s = −1 , ν 2 s = 1/3 , s = 1, 2 (see also [20] ). Two other intersections: 3 ∩ 3 = 2 , 6 ∩ 6 = 5 , corresponding to A are forbidden by Restriction 1 (this restriction follows from the block-diagonal form of metric g and may be weakened for non-block-diagonal ansatz from [32] ). For d 0 = 5 the solution with d 1 = d 2 = 3 reads g = H 2/3 g 0 + H −2/3 g 1 + g 2 , F 4 = ν 1 dH −1 ∧ τ 1 + ν 2 * 0 dH (5. 31) with H from (4.32) and indicators ξ(a) = 1/3 , η(a) = 0 , a ∈ X , i.e. any point a ∈ X corresponds to the horizon without a curvature singularity.
Conclusions
Thus, here, like in [2]- [5] , we considered the σ -model of a p -brane origin. We obtained new blockorthogonal exact solutions (2.8)-(2.12) governed by a set of harmonic functions. These solutions crucially depend on the matrix of scalar products (U s , U s ′ ) , s, s ′ ∈ S and parameters ε s = ±1 , s ∈ S (see (2.10). In Sect. 3 we analyzed three possibilities, when quasi-Cartan matrix (3.2) coincides with the Cartan matrix of a (simple): a) finite-dimensional Lie algebra; b) hyperbolic KM algebra; c) affine KM algebra. It was shown that the last possibility does not appear in our solutions, and all ε s = −1 in the case a) and all ε s = +1 in the case b). In Sect. 4 we applied this method for obtaining new Madjumdar-Papapetrou type solutions in multidimensional gravity with fields of forms and scalar fields (see subsect. 4.2). In subsect. 4.3 for d 0 > 2 and harmonic functions from (4.32)
the indicators η(a) and ξ(a) were introduced. These indicators describe under certain assumptions the existence of a curvature singularity and a horizon for x → a . In Sect. 5 intersection rules for fixed A -matrix are written (see (5.11) ) and some examples of solutions and intersection rules for a chain of B D -models, D = 11, 12, . . . were suggested. Among the examples there are A 2 , hyperbolic, affine (forbidden) intersections and non-Cartan ones. We note that the solutions obtained here may be also generalized to the case when some non-Ricci-flat internal spaces are added to M as it was done in [4] .
